It is shown that if B(V ) is connected Nichols algebra of diagonal type with
Introduction
The question of finite-dimensionality of Nichols algebras dominates an important part of the recent developments in the theory of (pointed) Hopf algebras(see e.g. [AHS08, AS10, An11, He05, He06a, He06b, WZZ15a, WZZ15b, ZWTZ] . The interest in this problem comes from the lifting method by Andruskiewitsch and Schneider to classify finite dimensional (Gelfand-Kirillov) pointed Hopf algebras, which are generalizations of quantized enveloping algebras of semi-simple Lie algebras.
The classification of arithmetic root systems is obtained in [He05] and [He06a] . It is proved in [WZZ15b] that Nichols algebra B(V ) is finite-dimensional if and only if Nichols braided Lie algebra L(V ) is finite-dimensional. It is shown in [ZWTZ] that dim(L − (V )) = ∞ if ∆(B(V )) is not an arithmetic root system. The main motivation for the subject of this paper and papers [He05, He06a] is the following question of Andruskiewitsch [A02] .
Question 5.9. Given a braided vector space V of diagonal type, decide when B(V ) is finite dimensional. If so, compute dim B(V ), and give a nice presentation by generators and relations.
Papers [He05] and [He06a] solved the first part of this problem under the following the additional property in [He05, Section 2.2]:
(P) the height of a PBW generator ( i.e hard super-letter ) of Z n -degree e is finite if and only if 2 ≤ ord(χ(e, e)) < ∞, and in this case it coincides with ord(χ(e, e)).
In this paper we show that property (P) holds in arithmetic root systems (see Theorem 4.1 ). Consequently, this paper solves the first part of problem 5.9.
In order to study infinite dimensional Lie algebras V. Kac and R. Moody independently introduced Kac-Moody algebras in 1960s ( [Ka85, Wa02] ).
In this paper we focus on when a Nichols algebra and a Nichols (braided) Lie algebra have finite dimension. Such finite-dimensional Nichols algebras play a fundamental role in various subjects such as pointed Hopf algebras and logarithmic quantum field theories. There exists a large number of examples of infinite dimensional Lie algebras in Nichols Lie algebras.
The main results of this paper are as follows. If B(V ) is connected Nichols algebra of diagonal type with dim V > 1, then dim(B(V )) = ∞ (resp. dim(L(V )) = ∞) ( resp. dim(L − (V )) = ∞ ) if and only if ∆(B(V )) is an arithmetic root system and the quantum numbers (i.e. the fixed parameters ) of generalized Dynkin diagrams of V are of finite order.
Preliminaries
Throughout this paper braided vector space V is of diagonal type with basis x 1 , x 2 , · · · , x n and braiding C(x i ⊗ x j ) = p ij x j ⊗ x i without special announcement. Nichols algebra B(V ) over braided vector space V has two gradations. A gradation is the length such that | u |= r of length of u for u = x i 1 x i 2 · · · x ir . Another gradation is Z n -graded such that deg(x i ) = e i for 1 ≤ i ≤ n, where E = {e 1 , e 2 , · · · , e n } is a basis of Z n .
Define linear map
Let A =: {x 1 , x 2 , · · · , x n } a alphabet; A * denotes the set of all of words in A; A + =: 
[ Let ord(p uu ) denote the order of p uu with respect to multiplication. 
.4.6], P is a basis of B(V ).
Let G be a nonempty set; R a nonempty subset of G × G, and • : R → G a map of sets. The pair (G, •) is called a groupoid if it satisfies the following conditions. GD 1 If (x, y) ∈ R then each of the three elements x, y, x • y is uniquely determined by the other two.
Let E and F be bases of Z n and χ a bicharacter on Let W denote the groupoid consisting of all pairs (T, E), where T ∈ Aut(Z n ) and E is a basis of Z n , and the composition (T 1 , E 1 ) • (T 2 , E 2 ) is defined (and is then equal to
Let E be a basis of Z n and χ a bicharacter on Z n . Define W χ,E as the smallest subgroupoid of W which contains (id, E), and if (id, F ) ∈ W χ,E for a basis F of Z n and
It is called the Weyl groupoid associated to the pair (χ, E). The groupoid W χ,E is called full, if s f,F is well-defined for all bases F of Z n with (id, F ) ∈ W χ,E and for all f ∈ F . A triple (∆, χ, E) is called an arithmetic root system if W χ,E is full and finite wirh 
.u < y i , v > and < y i , < y j , u >>=< y i y j , u > for any u, v ∈ B(V ). Furthermore, for any u ∈ ⊕ ∞ i=1 B(V ) (i) , one has that u = 0 if and only if < y i , u >= 0 for any 1 ≤ i ≤ n.
We have the braided Jacobi identity as follows:
(1) 
an arithmetic root system, where E = {e 1 , e 2 , · · · , e n } and χ(e i , e j ) = q ij for 1 ≤ i, j ≤ n.
If (∆, χ, E) is an arithmetic root system and a hyperplane H with 0 ∈ H (i.e. dim H = n−1), then there exists
is a real number}. F denotes the base field, which is an algebraic closed field with characteristic zero. F * = F \{0}. S n denotes symmetric group, n ∈ N.
m-infinity elements
In this section we show that there does not exist any m-infinity elements in arithmetic root systems.
Lemma 2.1. Assume that f 1 , f 2 , · · · , f l are linearly independent in arithmetic root system (∆, χ, E) with
then there exists a hyperplane H with 0 ∈ H and
Proof. It is clear that there exists H 1 with H 1 ∩ ∆ = ∅ such that H = H ⊕ H 1 with dim H = n − 1. By [He05, Pro. 2.7.1], there exists E H = {f 1 , f 2 , · · · , f l } such that (∆ ∩ H, χ Γ×Γ , E H ) is an arithmetic root system with Γ = R(∆ ∩ H) ∩ Z n and
Considering (3) and (4) Proof. We show this by the following steps.
Keeping on the step, we obtain v i ∈ ∆(B(V )),
(iii) By Part (ii), the set {v (ii)
is finite since ∆(B(V )) is finite. (iv) By Part (i). (ii) and (iii), there exists
(iii) Assume that a = 1. Thenl (ii) We show (5) by induction on k for k ≤ m. See
Thus equation (5) holds when k = 1. Assume k > 1. See
= the right hand side of (5). [j] − > = the right hand side of (6).
Therefore, ( 6 ) and (7) Lie Algebras
In this section we obtain an explicit necessary and sufficient condition for a Nichols algebra and a Nichols (braided) Lie algebra to be finite dimensional (ii) Any factor of a standard word is a standard word. (i) The proof is similar to the proof of (ii). 
